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Abstract 



Various solutions to the discrete Schwarzian KdV equation are discussed. We first derive 
^ ' the bilinear difi'erence equations of Hirota type of the discrete Schwarzian KP equation, which 

is decomposed into thiee discrete two-dimensional Toda lattice equations. We then construct 
two kinds of solutions in terms of the Casorati determinant. We derive the discrete Schwarzian 
KdV equation on an inhomogeneous lattice and its solutions by a reduction process. We finally 
discuss the solutions in terms of the r functions of some Painleve systems. 
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2 : 1 Introduction 



The focus of this article is on the partial difference equation 

foi + 1,/2 ~ Zl, + lj2+l)(ZliJ2+l ~ ZhJi) f^(^2) 



(1.1) 



known as the discrete Schwarzian KdV equation (dSKdV), where 4 (fc = 1,2) are independent 
variables, z/, /^ denotes the value of the dependent variable z at the lattice site (/i, /2) and AQi) and 
/i(Z2) are arbitrary functions in the indicated variables. As a lattice equation, dSKdV (1.1) was first 
studied in [19, 21], and classified as a special case of 'Ql' equation in the ABS list [1]. It yields 
the Schwarzian KdV equation 

«A. = «A.v5(«A), S(ilf)^^-^'%, (1.2) 

in the continuous limit, and is related to the lattice modified KdV equation and the lattice KdV 
equation by Miura transformations [22]. Note that the differential operator S in (1.2) is the 
Schwarzian derivative and thus (1.2) is invariant with respect to Mobius transformations. The 
soliton equations with Mobius invariance may consequently be called 'Schwarzian'. See [17] for a 
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review of Schwarzian equations. We sometimes refer to ( 1 . 1) as non-autonomous for non-constant 
A{1\) and nih)- When A{li) and ^{h) are both constants, we call it autonomous. dSKdV is also 
known as the cross-ratio equation, since the left hand side of (1.1) is the cross ratio, which is 
fundamental to many branches of geometry and was studied as early as the time of Euclid. Our 
main motive for exploring this system comes from a geometrical setting: dSKdV arises as one of 
the most basic equations in the discrete differential geometry, which is expected to provide a new 
mathematical framework of discretization of various geometrical objects. For example, dSKdV is 
used to define the discrete conformality of discrete isothermic nets [2, 3]. 

For notational simplicity, we display only the shifted independent variables. For example, 
may be written as Zl^+\. Using this convention, (1.1) may be written as 

{z - z?i+i)(z/|+i,?2+i - Zh+\) _ A{1\) 2^ 
(z/i+i - z/i+i,/2+i)(^/2+i ~ z) nih) 

Note that if there exists a function m/, /^ satisfying 

Zu+\ -z = fiih) (z = 1,2) (1.4) 

where fiiU) (i = 1, 2) are arbitrary functions, then (1.1) is automatically satisfied with A{li) = f\{lif 
andM/2) = /2(/2)'. 

In this article, we aim to clarify the structure of the bilinear difference equations and r functions 
associated with dSKdV (1.1). We then construct various solutions to dSKdV, including the soliton 
type solutions of autonomous dSKdV presented in [ , ]. In section 2, we consider the discrete 
Schwarzian KP equation (dSKP). We first discuss the bilinear equations and r function of dSKP 
in section 2.1. We then establish the reduction procedure to derive dSKdV from dSKP. In [14] a 
basic geometric property of circles was shown to be equivalent to dSKP, and dSKdV as a special 
case. In that article a reduction from dSKP to a degenerate dSKdV was discussed. The full, non- 
autonomous dSKdV is difficult to achieve via reduction because of complications arising from the 
non-autonomous terms. However, a method to circumvent these complications was described in 
[11,12], where the reduction is performed along auxiliary variables, enabling the reduced equation 
to remain non-autonomous in its independent variables. We use a similar technique to obtain 
dSKdV from dSKP by reduction. We thereby construct solutions to ( 1 . 1 ) in the form of r functions 
of the Casorati (A^-soliton) and molecule types. This is explained in section 2.2. 

dSKdV appears not only as one of the discrete soliton equations, but also as the equation 
describing the chain of Backlund transformations of the Painleve systems. This was first reported 
in [22] for the case of the Painleve VI equation, which implies that dSKdV also admits solutions 
expressible in terms of the r functions of the Painleve VI equation. The same situation also arises 
for other Painleve systems. In section 3, we discuss dSKdV in the setting of the Painleve systems 
and construct explicit formulae of solutions in terms of their r functions. We consider the Painleve 
systems with the affine Weyl group symmetry of type (A2 -1- Ai)^'^ and \ where the former 
includes a ^-Painleve III equation, and the latter the Painleve VI equation. 
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2 Discrete Schwarzian KP Equation and Its Reduction 

2.1 Discrete Schwarzian KP Equation 

The discrete Schwarzian KP equation (dSKP) is 



= -1 (2.1) 



where /, (/ = 1, 2, 3) are the discrete independent variables and z = Ziij2,h the dependent variable. 
dSKP was first published in an alternative form in [ ], first appeared in the quoted form in [ ] 
and was also studied by [ ]. In the context of discrete differential geometry, z arises as a complex 
valued function. We first give an explicit formula for the solution of dSKP in terms of a r function: 

Proposition 2.1. Let r™'^^^ be the t function satisfying the following bilinear difference equations: 

t;;;/t - ti,,,t^^' = t'i^\^^'''-' a = 1,2, 3), (2.2) 

where m and s are the auxiliary independent variables. Then, 

_ hhh ON 
h,h,h 

satisfies dSKP (2.1). 

Proof First note that if there exist some functions v = v/j^/^./j and w = wi^j^Js such that 

Z/,+1 -z = v,,+iw 0' = 1,2,3), (2.4) 
then (2.1) is automatically satisfied. Dividing (2.2) by t/.+it we have 

^m+l ^1+1 



- (?■= 1,2,3), 

T/, + 1 r T/, + 1 T 

which is equivalent to (2.4) if we define v and w by 

_.v+l _m+l,.5-l 

V = , w = , (2.5) 

T T 

respectively. □ 

Remark 2.2. dSKP (2.1) is invariant under the change of the independent variables Ij —li 
(i = 1, 2, 3j. Therefore if the r function is a solution to the bilinear equation 

r"'^ - Ti^tl = T'^\:;l''-' (/ = 1, 2, 3), (2.6) 

then z in (2.3) also satisfies (2.1). In this case, v and w in (2.4) are expressed as 

_m+ 1,4-1 _i+l 

V = , w = . (2.7) 
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Each of the bilinear equations in (2.2) is the discrete two-dimensional Toda lattice equation [ ] 
with respect to the independent variables (/,, m, s) (i = 1, 2, 3)- It is therefore possible to construct 
the Casorati determinant solution to these equations (2.2) as follows [6,7, 16,24]: 

Theorem 2.3. Let a = cr^^ 'l^ be an N x N Casorati determinant defined by 



(T = 



(2.8) 



where (pi = ffj^i^ (i = ■ ■ ■ ,N) are arbitrary functions satisfying the following linear relations: 



aSk - 1) 



= ^r (^ = 1,2,3), 



.s-\ 



(2.10) 



Here, akih) (k = 1, 2, 3) are arbitrary functions in the indicated independent variables and b is a 
constant. Then 

3 k-i 



Y]Y](\+at(jk)bra,(jty 



cr 



(2.11) 



-k=\ jk 

satisfies the bilinear equations (2.2). 

Proof. It is known that cr satisfies the bilinear equation 

(1 + aSk)b)(^,l\cT - (T,,,,cf-^' = aSk)b cr'^^^y"^'''-' (k = 1,2, 3), 



(2.12) 



which follows from an appropriate Pliicker relation [7, 16, 23, 24]. From (2.1 1) it is easily verified 
that T satisfies (2.2). □ 

It is also possible to choose the size of the Casorati determinant as one of the discrete inde- 
pendent variables in 4 (A; = 1, 2, 3). This type of solution is sometimes referred to as the molecule 
type. 

Theorem 2.4. Let k = /c^'^^ be an li x li Casorati determinant defined by 



01 •■• ^\ 



<P2 



02 



.v+Zi-l 



(2.13) 



where (p,- = (fr' {i=\ 



, l\) satisfy the following linear relations: 



= -0^1 (^ = 2,3), 



Ckdk) 



(2.14) 
(2.15) 
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Here, Ckih) (k = 2,3) are arbitrary functions in the indicated independent variables and b is a 
constant. Then 

3 4-1 

WWii + ck{ik)br"'ck{jkr 

- k=2 it 



T = 



(2.16) 



satisfies the bilinear equations (2.6). 



Proof. From an appropriate Pliicker relation, we can derive the bilinear equation with respect to 
the independent variables (/i, m, s) as 



, j+l m+l,i-l 



(2.17) 



Since the linear relation (2.14) is essentially obtained by the change of variables 4 ^ -4 (k = 2, 3) 
from (2.9), we have 



(1 + c,(4)^)^" ^4,1 - <:} = c,(k)b k'^'k'IIII''-' (k = 2, 3). 



Therefore r defined by (2.16) satisfies (2.6). 



(2.18) 
□ 



2.2 Reduction to Discrete Schwarzian KdV Equation 

It is possible to obtain dSKdV by a certain reduction procedure from dSKP (2.1). On the level of 
z, the reduction is achieved by applying three extra conditions, which are obtained by imposing a 
certain symmetry in each of the independent variables /, (i = 1, 2, 3). The symmetry required is 
such that one of the independent variables (z = 1, 2, 3) of dSKP (2.1) can be negated in each of 
three conditions. In fact, only two conditions are needed as the third is redundant, we only mention 
that there are three such conditions for completeness. 

Proposition 2.5. Let z/1,/2,/3 be a function satisfying (2.1 ). We impose the following equations for z: 

(Zli + lj2,h ~ Z/l + l,/2+l,'3)(2'l,'2 + l,'3 ~ ■Z/l,/2+l,/3-l)(^'l,/2,/3-l ~ Zli + l,l2,l3-l) 



(Z/l+1,/2 + 1,/3 ~ ■2/l,/2 + l,'3)(2'l,fc + l,'3-l ~ Zl,j2,h-\)(Zl,+lj2,h-\ ~ ■S/| + l,/2,'3) 
(Z/l + 1,/2,/3 - Zli+lj2-l,h)(ZliJ2-l,h ~ ZliJ2-l,l3 + i)(ZltJ2,li + l - Zli + lj2,l3 + l) 



-1, (2.19) 
-1. (2.20) 



(Z/1+1,/2-1,/3 ~ Z/|,/2-l,/3)(Z/l,/2-l,/3 + l ~ ZltJ2,l3 + i)iZlt+lj2,l3 + l " Z/, + l,/2,/3 ) 

Then (2.1) is reduced to dSKdV (1.3). 

Note that a third condition, with l\ -li, is consistent with (2.19) and (2.20). 

Proof. Let us fix /a and put zii,i2 = ^/i.fc.'s' yiuk - z/i,/2,'3+i- We drop the Z3 dependence in the 
expression of y and z. Then (2.1), (2.19)/3+i and (2.20)/2+i can be written as 

izk+i - z/,+i,/2+i)(z/2+i - yi2+i){y - j/1+1) _ _^ ^2 21) 



(z/i+i.fe+i ~ 2/2+i)Cy/2+i ~y)^h-^i 
(y/1+1 -y?i+i,?2+i)(yfa+i - zi2+\){z - zh+\) 

(y/1+1,/2+1 ~y/2+l)(2fc+l ~ z){Zii+i -J/i+i) 

(z/i+1,/2+1 - zii-^r\){z-y){yi2+\ -j/i+i./j+i) 

(Z/1+1 - Z){y - J/2+l)Cy'l+l,/2 + l ~ Z/l + l,/2 + l) 



= -1, (2.22) 
= -1, (2.23) 
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(2.25) 



respectively. One can eliminate y from (2.21) and (2.22) as follows: we first eliminate j/,+2,/,+1 
and y/|+ij,+2 from (2.21)/|+i_/2+i by using (2.22)/(+i and (2.22)/2+i. In the resulting equation, we use 
(2.21)/(+i and (2.21)/2+i to eliminate y/[+2 and yi^+i- The resulting expression still contains j/j+i, 
and +1/2+1, but they are eliminated by virtue of (2.22), leaving the following expression in z 
alone 

{ZI1+H2+2 — Z/|+2,/2 + l)(^/i + l,fe+2 ~ ■Z/2+2)(^/i+2 ~ Zli + \){Zl2+\ ~ Z) _ ^ ^2 24") 

(Z/1+2,/2+2 ~ •Z/, + l,/2+2)(^/i+2,/2+l ~ Zli+2){Zl2+2 — Z/2+l)(^/i + l ~ Z) 

Equation (2.24) is rearranged in the following form 

^/l+l,/2 + l _ ^/l + l 
^/2 + l X 

^ _ (z - Zii+i)(zii+i,i2+i - Z12+1) ^2 26) 

(Z/i+l - Zlj + \j2+l)iZl2+l - Z) 

from which we obtain (1.3). □ 

Note that the ansatz (2.4) is reduced to (1.4) (or (2.36) below) as follows. Substituting (2.4) 
into the reduction condition (2.19), we have 

^fe+i ^/i+i.?3-i _ ^/i+i ^/2+i./3-i ^2 27) 

W/2 + 1 W'/l+lA-l 1^/1+1 >^/2 + l,/3-l 

which is solved by w = R(li,l2)P3(h)v, causing the ansatz (2.4) to become 

Z/, + l-Z = i?(Zl,/2)p3(/3)V/, + lV, (2.28) 

where R{l\,l2) and p3(/3) are arbitrary functions. Now we apply the additional condition on z, 
(2.23), into which we substitute (2.28). This produces a condition on RQiJj) 

R11+1J2+1R _ 
Rh+yRh+i 

which implies that R must be separable as R{l\,l2) = P\{l\)p2il2), where pi(/i) and p2(/2) are 
arbitrary. Now introducing u = {p\{h)p2il2)P3ih))^v, (2.28) can be rewritten as 

^'-+1 ~ ^ = f,' ' IX (2-29) 
\Piih + 1)/ 

which is equivalent to (1.4). 

Let us consider the reduction on the level of the r function and construct explicit solutions to 
dSKdV. The above discussion and (2.5) suggests that the reduction condition to be imposed should 
be r"'^' o T*^^, where means the equivalence up to gauge transformation. However, due to the 
difference of gauge invariance of the dSKP and dSKdV (and their bilinear equations), the reduction 
cannot be applied in a straightforward manner. We apply the reduction to the solutions in Theorem 
2.3 and 2.4 separately. 

We first consider the Casorati determinant solution presented in Theorem 2.3. Choose the 
entries of the determinant cr as 



3 4-1 / 7 \-m 3 k-l / , ym 

= aiP^ n n^^ ~ auUk)Pir' 1 + - + n n^^ ~ a^uM-' i + - , (2.30) 
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where p,, qi, ai,/3i (i = I, ... ,N) are constants. We next impose the condition 

-^r'^^r^ (2.31) 

which can be realized by choosing the parameters as 

qi = -Pi - b. (2.32) 
Equation (2.31) implies the following condition on cr: 

N , 

cr'"^' =CN(r-^^^\ '^'' = r[P<'y + J.j ■ (2.33) 

Using (2.33) to eliminate the m-dependence and neglecting /3-dependence, equations (2.12) are 
reduced to 

(1 + aSk)b)cT\l^,cT - ct,,,,ct'^^ = aSk)b ct'CI^*' {k=\,2). (2.34) 
Introducing z = Ziij^ by 

z = n n^^ + «/t(A)^) — , (2.35) 



then (2.34) can be rewritten as 



ak(lk)b 

Zk+i -z= r "4+1" (^ = 1. 2), (2.36) 

(1 + ak(lk)b)-2 



where 



2_ Ijr^l ^ 



^ = Y]Y](^+ ak{ik)b)^ . (2.37) 



From (2.36), we see that z satisfies dSKdV (1.3) with A{k) = ai{hf-/{\ + ai{k)b) and nih) = 
^2(^2)^/(1 + (^2{h)b). Summarizing the discussion, we have the following theorem: 

Theorem 2.6. Let cr = (tJ^ be an N x N determinant given by 

a = det(^;;/-;),-j=i,...,;v, (2.38) 

2 4-1 2 4-1 

<k,k = ""'Pi n n^^ ~ <^kUk)Pir' +fiiq^ n - ^kUM-', (2.39) 

k=l jk k=l jt 

where pi, qi, ai,fii are constants, akih) (k = 1,2) are arbitrary functions in the indicated variables 
and the parameters pi and qi are related as in (2.32). Then cr satisfies the bilinear equations 
(2.34), and z = Z/,,/, defined by (2.35) satisfies dSKdV (1.3) with A{li) = ai(/i)^/(l + ai(li)b) and 
Hih) = a2{l2?l{\ +a2{l2)b). 

We note that the soliton solutions to the autonomous case have been obtained in [5, 1 8]. Sim- 
ilarly, one can construct the molecule type solution by applying the reduction to the solution in 
Theorem 2.4. 
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Theorem 2.7. Let k = kJ^ be an li x /i determinant given by 



^ = det(,^;j/-'),-,,=i,...,,., (2.40) 



h-i h-i 



=aipl - C2(j>,) + A-^/ f](l - C2(7)^0, (2.41) 
7 j 

where Pi,qi,ai,J3i are constants, €2(12) is an arbitrary function in I2 and the parameters Pi and qt 
are related as in (2.32). Then k satisfies the bilinear equations 

ci{hy^\i,^, - KK-;;^, = b k'^\-j;^„ (2.42) 

(1 + C2il2)by^'K,,,r - KK-j;^r = C2il2)b k'-'U-J^I,, (2.43) 



where 



2 b 



Moreover, 



ci(/i) = K„i 1 + . (2.44) 

ziuh = n ^i(-^'i)"' + ci2U2)by' —, (2.45) 

ji h 

satisfies dSKdV (1.3) with A(li) = ci(/i)"' and fiih) = C2(/2)^/(l + C2(/2))- 

The reduction process to dSKdV is somewhat delicate. For the case of dSKP, the coefficients 
of the bilinear equations can be removed by multiplying a certain gauge factor to the r function. 
For example, the bilinear equations (2.12) yield (2.2) by using (2.1 1). For dSKdV, however, such 
a gauge transformation does not work. For example, the bilinear equations (2.34) can be rewritten 

as 

T,^^^T - Ti,+iT =- T,^^^T {k=\,2), (2.46) 



(1 + akikW^ 



by introducing t = t,^ by 



2 4-1 

=nn^i+^'t0".)^)'^- (2.47) 

k=l ik 



Then we have 



where 



ak{lk)b 

Zk+i -z= ui,+iu, (2.48) 

(1 + ak(lk)by2 



(2.49) 

T T 

The crucial difference from the case of dSKP is that the coefficient of the right hand side of (2.46) 
cannot be removed by multiplying a gauge factor to r. Even for the autonomous case, namely the 
case where atih) are constants, it is possible to remove the coefficient of one of the two bilinear 
equations, but not possible to remove those of two equations simultaneously. 
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Therefore, it is not appropriate to impose the condition r"'^' r*"^^ on the bilinear equations 
(2.2). Actually it is obvious that the bilinear equations (2.46) cannot be obtained from naive reduc- 
tion from (2.2). We have to apply the reduction to the Casorati determinant without its gauge factor 
instead of applying directly to t™'^^ itself. Such inconsistencies involving gauge factors arising 
through the reduction process can be seen for other non-autonomous discrete integrable systems 
as well [i i, 

Remark 2.8. Konopelchenko and Schief discussed in [14] the reduction from dSKP to the dSKdV 
by imposing the condition 

Zh+ih+i = 2' (2.50) 
on (2.1). Using this condition to eliminate the h dependence, (2.1) can be rearranged in the form 

Yh-l _ ^ ^ _ (Z - Z/i + i)(Z/i+i,;^+i - Zfe+i) (2 51) 

which yields the special case of (1.3) 

(Z - Z/, + l)(Z/, + l,/2 + l - ZI2+1) 



foi+1 ~ z/i+i,;2+i)fe2+i ~ z) 



v(/i), (2.52) 



where v{l\) is an arbitrary function. The condition (2.50) is the subcase of the condition (2.19): it 
is easily verified that ifz satisfies (2.50) then (2.19) is automatically satisfied. For the solution of 
dSKP given in Theorem 2.3, it can be shown that (2.50) is realized by taking atih) = cik = const. 
(k = 2,3), imposing (2.32), and choosing b as b = -(— -I- — ). 



3 Discrete Schwarzian KdV Equation in Painleve Systems 

In this section, we consider the solutions of dSKdV which are expressed by r functions of certain 
Painleve systems. We give two examples, one with the symmetry of the affine Weyl group of type 
(A2 -I- A[Y^\ the other with that of type \ and construct explicit formulae of solutions in terms 
of their r functions. We note that these solutions are not directly related to ones discussed in the 
previous section. 



3.1 Painleve System of Type (A2 + AO^^^ 

The Painleve system of type (A2 + A^f^^ [8-10, 13,25] arises as a family of Backlund transforma- 
tions associated with a ^-Painleve III equation 

_ Q_ c i -\- apq jn 

fngn aoq"+fn .^l) 

_ q c i + aoa2q gn+i 
f,gn+i aoaiq" + gn+i 

for the unknown functions /„ = /„(m, A^), g„ = gnim, N) and the independent variable n eZ. Here, 
m,N e Z and ao,a2,c,q e are parameters. The system of equations (3.1) and its Backlund 
transformations can be formulated as a birational representation of the extended affine Weyl group 
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of type (A2 + AiY^K We define the transfomiations si (i = 0, 1, 2) and n on variables /; (j = 0, 1, 2) 
and parameters aic (A: = 0, 1, 2) by 



Siiaj) = aja^ Si(fj) = fj , . ^ . 
n(aj) = aj+i, n(fj) = fj+u 
for i, j e Z/3Z. Here, A = (a,7),j=o,i,2 and U = (M;;)y=o,i,2 are given by 



(3.2) 







2 


-1 


-1 




A = 




-1 


2 


-1 








-1 


-1 


2 






r 





1 


-1 


\ 


U = 




-1 





1 








1 


-1 








(3.3) 



(3.4) 



which are the Cartan matrix of type A2 ^ and the orientation matrix of the corresponding Dynkin 
diagram, respectively. We also define the transformations wq, wi and r by 



wo(/) = 

wi(/;) = 



1 + ajfi + ajai+ififi+i 

a,a,+i/+i(l +a,_i/_i + ai^iaifi^ifi)' 



(3.5) 



Kfi) = J, 

Ji 

wo(a/) = Qi, wi(a,) = Ui, r(ai) = a,, 

for / e Z/3Z. Then the group of birational transformations {sq, si, S2,n,wo,wi,r) form the ex- 
tended affine Weyl group W((A2 + AiY^^), namely the transformations satisfy the fundamental 
relations 



= 1, (siSi+if = 1, = 1, nsi = smu, 
Wq = wl = = I, rwo = Wir, 



(3.6) 



for i G Z/3Z, and the actions of (^o, si, S2, n) = WiA)^') and (wq, wi,r) = W(Af-') commute with 
each other. Note that 

flo«i«2 = q, /0/1/2 = qc^ (3.7) 

are invariant with respect to the action of W ((A2 + Ai)^^^) and WiA^^), respectively. We define the 
translation operators (/ = 1, 2, 3, 4) by 



Ti = 7TS2S1, T2 = sins2, 7^3 = siS2n, T4 = rwo, 
whose actions on parameters a, (/ = 0, 1, 2) and c are given by 



(3.8) 



^ 1 

T2 
T3 



(aQ,ai,a2,c) ^ (qao,g~^ai,a2,c), 
(ao,ai,a2,c) ^ (aQ,qai,q'^a2,c), 
(ao,ai,a2,c) (q~^ao,ai,qa2,c), 
(ao,ai,a2,c) 1-^ (ao,«i,«2,?c). 



(3.9) 
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respectively. Note that T, (?' = 1,2,3,4) commute with each other and TiT2T^ = 1. The action of 
T\ on /-variables can be expressed as 

qc^ 1 + ao/o 



T\{f\) - r r , /■ ' 

Ji/o an + Jo 

^ lUo) 



(3.10) 



foTi(fi) aiao + Tiifi) 
Or, applying T"J!^T^ to (3.10) and putting 

nr^T^ifi) (/ = 0,1,2), (3.11) 

we obtain 



fo,n+\ = 



/l/o ao<?" + /() ' 

q c I + a2aoq ji,n+i 



(3.12) 



/o/i,«+i a2aoq"-"' + 

which is equivalent to <?-Piii (3.1). Here, we have employed the convention to display only the 
shifted variables in (n, m, N). 

It is possible to introduce the r functions and lift the above representation of the affine Weyl 
group on the level of the r functions. We introduce the new variable r,- and ?, (i e Z/3Z) with 

fi = q^c3 —. (3.13) 

Then the lift of the representation is realized by the following formulae: 

Si{Ti) = Mr 1 + — 



Si(Ti) = V.'{1+ Qifi) 
SiiTj) = Tj, Siifj) = fj (i + j). 



ail Ti 

T,+iT,-i (3.14) 



1 



,_ ,ai+\Y (-. fi-i fi-\fi+i\TiTi-i 



^i-l / \ <3,-l ai-iQi+ij T,_i 

J, 



(3.15) 



where 



wi(Ti) = v,-^i (1 + ai-ifi-i + ai-itti+ifi-ifi+i) ■ 

\ai-ij Ti+i 

Wo(Ti) = Ti, Wi(t,-) = Ti, r{Ti) = Ti, r{Ti) = Ti, 



_i _2 12 

Ui = q ^Qi, Vi = q^c^ai. (3.16) 



We define the r function on the lattice of type A2 x Ai by 

r;T^"rf (Ti) = (3.17) 

Note that tq = r°j q, tj = r°Q, T2 = rj] j, tq = t[^ q, tj = t^q and T2 = j (Fig.l). From this 
construction, it follows that the r functions satisfy various bilinear difference equations, we refer 
to [ 1 ?] for the list of these. 

Now we show that dSKdV arises in the Painleve system of type (A2 + AiY^^: 
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Figure 1 . Configuration of the r functions on the lattice with N = 0. 



Theorem 3.1. 

(1) The T function satisfies the following bilinear equations: 

^N.r^N-i _ Q^N^.^^.y-i ^ Q'^-^--'^y-'ala\atQ}^''j'^ - 1)t„,iT = 0, (3.18) 

t^-^^t;::; - e^Vrl^lr^-^ + e^-^^V^a^a.^C^^^^^^ - l)T.,iT = 0. (3.19) 

Here, 

ai = af, y = cK Q = . (3.20) 

(2) We introduce z = Znmby 

-N+2 

z = (Q^iv+V')"^™ - — • (3.21) 



Then z satisfies dSKdV 

iZ - Zn+lXZn^lm^l ' Z,n-,l) ^ ^2„-2m^2^2_ (3 22) 



)(Zm+l - Z) 

Proof We take (B.17) and (B.20) of [13]: 

T - Q y tto Qfi a2 Tn+lm+lTm-l - Q 7 «() «1 ^2 T„+iT = 0, (3.23) 

N+lN-l r^-2n+m+2N^,2^ -1 -2_ _ /^4n-2m-4A', -4^ 6^ 2^ 4„ n /o 

We obtain (3.18) by eliminating Tn+i,m+\Tm-i from the above equations. Similarly, (3.19) can be 
derived by taking (B.18) and (B.21) of [13], 

W+l W-l ,^fi-2m-2A', ,-2„ -1„ ^ ^ ,^-2«+4m+4A',,4^ 2^ -2_ ^ A /-^ OC\ 

Tm+l^^ - Q 7 ai a2Tn-lTn+l,m+l -Q y 02 T^+lT = 0, (3.25) 

N+IN~\ rVt-2m+2N-\^2„ „ 2^ ^ y^-2n+4m-4W+2, -4 „ -2„ -4„ n /o 

T,n+\ - Q y 0^oa2 T„+i,„,+iT„-i - Q 7 Cq TT„,+i = 0, (3.26) 

and eliminating t„+i ^+it„_i. Dividing (3.18) and (3.19) by t^+/t^~' and T^~}T^~^ respectively, 
shifting N ^ N + \, and using (3.21), we have 

, ^ _ /'/^4A'+4,4\«+m/-)4n-2m-4A'-4, -4 6^2^4/^12A'+12,,12 i \,, T7\ 
Z-Zn+l=-{Q y) Q y ffo'^l'^2(ti 7 -l)U„+iU, (3.27) 

/,^4A'+4,,4N/j+m,^4m-2n-4A'-4, -4^2„-2/,^12/V+12,,12 /'a 00\ 

Z-Zm+l=-(2 7) 2 7 ai«2 (2 7 - l)Wm+lM, (3.28) 

where 

u = . (3.29) 

T 

Then it is easy to verify from (3.27) and (3.28) that z actually satisfies (3.22). □ 
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3.2 Painleve System of Type 



The relationship between dSKdV 

(.Zn,m Zn+l,rn)iZn+l,m+l Zn,m+l) 1 
i.Zn+l,m -Sn+^m+l )(Zn,fjj+l Zn,m) t 

and the sixth Painleve equation (Pyi) 



(3.30) 



ar 2\q q- 



1 1 
-I- + + 

t t-l 



X 



— + 


q - t 


k 


J? 






- 1 




-1)2 



1 ^dq 



th dt 



2t\t - 1)2 

+ (1-02) 



(3.31) 



'(^-o^ 

is discussed in [ ]. In a word, dSKdV is a part of the Backlund transformations of Pyi, which 
is formulated as a birational representation of the extended affine Weyl group of type \ In this 
subsection, we construct a class of the particular solutions to dSKdV in terms of the r functions of 
Pvi. 

As a preparation, we give a brief review of the Backlund transformations and some of the 
bilinear equations for the r functions [i. ]. It is well-known that Pyi (3.31) is equivalent to the 
Hamilton system 

. dH , dH ^ d 

^ = P =—^^ =^^^~^^T,' 

op oq dt 

whose Hamiltonian is given by 



H = fohfAfi - [^4/0/3 + ^3/0/4 + (ffo - l)/3/4]/2 + «2(ai + a2)/o- 
Here / and a, are defined by 

fo = q-t, /3 = <?-l, f4 = q, f2=P, 

and 

ao = 0, a\=Koo, a^ = K\, a^ = KQ 
with QTo + fi + 2a2 + 0^3 + ^4 = 1. The Backlund transformations of Pyi are described by 

Siiaj) = aj - Uifli (i, j = 0, 1 , 2, 3, 4), 

S2(fi) =f, + ^, Si{f2) =f2-^ (i = 0, 3, 4), 



S5 : ao ai, 04 
Mfifo + ai) 



t(t-l) 
S(, : ao <^ a^, ai <r^ 



fi ^ 

I 

St :ao <r^ Q'4, ai <r^ 



fi ^ 



t- 1 



/4 ^ t—, 
JO 



/4 ^ -T' 

74 



r fo 
73 



(3.32) 

(3.33) 

(3.34) 
(3.35) 

(3.36) 
(3.37) 



(3.38) 
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where A = {aij)'^ .^q is the Cartan matrix of type \ Then the group of birational transformations 



{sq, . . .,sj} generate the extended affine Weyl group W(D'-^^). In fact, these generators satisfy the 



fundamental relations 

s^ = l (/ = 0,...,7), 



(3 39) 

SiSlSi = S2SiS2 (j = 0, 1, 3, 4), 



and 

S5S[0,l,2,3A] - ■^l 1,0,2,4,3) ■^S, 

■S'6'5'{0,1,2,3,4) = ■S'l3,4,2,0,l)>^65 

*7'S'{0,1,2,3,4} = ■S'{4,3,2,1,0)'S'75 



(3.40) 



Let us introduce the variables t, (/ = 0, 1, 2, 3, 4) via the Hamiltonian, so that the action of W(D^^^) 
is given by 

*o(To) = /() — , 5i(Ti) = — , 
To Ti 

SliTl) = —p , (3.41) 

T2 T2 
S^{T^) = h — , 54(T4) = /4 — , 
T3 T4 



and 



55 : To 1-^ W - 1)]4Ti, Ti I-^ {t{t - 1)] 4To, 

T3 ^ r^(? - 1)?T4, T4 ^n{t- l)-?r3, (3.42) 



T2 [?(?- 1)]"/0T2, 



1 



56 : To «?4r3, r3 ?to, 

n 1-^ r?T4, T4 r^Tl, T2 r5/4T2, 



(3.43) 



S7 :To (-1) 4(?- 1)4T4, T4 ^ {-\Y{t- 1) ?To, 

n ^ (-l)i(? - 1)-^T3, T3 ^ (-l)-i(? - l)Wi, (3.44) 

T2 -/(? - 1)"^/3T2. 

We note that some of the fundamental relations are modified 

5(*2(t2) = -52*Kt2) {i = 5, 6, 7), (3.45) 

and 

■^5 ■^eTjO, 1,2,3,4) = {i,-i,-^,-i,i}S6S5T{(),\X3A]^ 

^5^7T(0,1,2,3,4) = {i, -i, -1, -«>7^5T(0,1,2,3,4), (3.46) 
'^6'^7TjO,l,2,3,4) = ~^ ^ '}'^7'^6TjO,l,2,3,4)- 

From the above formulation, one can obtain the bilinear equations for the r functions. As examples, 
we have ^ 

a2r^T3T4 = 5i(Ti)525o(To) " 5o(To)525i(Ti), 
Qr2?5TiT3 = 54(T4)525o(To) - 5o(To)5254(T4), 
a2r^ToTi = 54(T4)5253(T3) - 53(T3)525'4(T4), 
a2r^ToU = 5'i(Ti)5253(T3) " 53(T3)525i(Ti). 
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Let us introduce the translation operators 

T34 = S3S2S0S1S2S3S5, Ti4 = SiS4S2SoS3S2Se, 

whose action on the parameters a = (ao, a\,a2, as, 0^4) is given by 

fi3(a) = a + (0, 1,0,-1,0), 
f4o(c?) = + 1,0, 0,0,1), 
f34(a) = a + (0, 0,0, 1,-1), 
ri4((?) = (? + (0,1,-1,0,1). 

We denote Tkx,n,n = TU'^J^^fl^iTo) (k, l,m,ne Z). 



Theorem 3.2. Let Zn,m be 



Zn,t 



(-1)" (n + m is even), 

'T_ n+m+\ _ ti+m+l „ j „ 9 ^ 

(-1)""' — — '■ — - (n+ mis odd). 



Then, Zn,m satisfies the dSKdV (3.30). 

Proof. Note that we get the bilinear equations 



(OfO + 0^2 + Q'4) t 2T3T4_4 = TijT420,0 " ToTo421,l, 
(dfo + 0^2 + 0:4) t^riT3 = T4T420,0 " ToTo24,4, 



(3.48) 



(3.49) 



(3.50) 



(3.51) 



(3.52) 



and ^ 

(ao + 0^2 + a4)t~2ToflTi = T4To423,3 " T3,3To24,4, 
(ao + a2 + a4)t 2To,o'r4,4 = ^l, 1^0423,3 - T3,3'''0421,1, 

by applying the transformation S0S4 to (3.47), where we denote sj - ■ ■ Si(Ti) by Tj...ij. 

First, we consider the case where n + mis even. The bilinear equations (3.51) can be expressed 

as 

-1,-2,0 T_i -2,-2,1 , , _i To,-l,-l,oT-l -1-1,1 

+ = -(ao + a2 + a4) t 2 , 

^0,0,0,0 ''"O,- 1,0,1 To,0,0,oTo,- 1,0,1 ("^ ^"^^ 

"^-1,-2,-2,0 '^"-1,-1,-2,0 , . T-1,-1,-1,0T0,-1,-1,0 

= (ao + a2 + a4) . 

To,- 1,0,0 ^0,0,0,0 To,o,o,oTo,- 1,0,0 

n -\- m 

Apply the translation T"^T~^T~^ to the above equations and put N = — - — . Then we get 

Zn,m - Zn+\,m = (-1) (ao + a2 + a4) ? 2 , 

T-N-N,O,nT-N-N-l,0,n+l ,^ j-^. 

„_1. ,T-N-i-N-l-l^nT-N-N-l-l,n 



Zn,m+l - Zn,m = ("1)" (ao + a2 + a4) 



T-N-N,0,n'^-N-N-l,0,n 



15 



Similarly, the bilinear equations (3.52) are expressed as 

T-2,-2,-2,1 T-\-2-2,0 , . _i 1,-1, -1,0"^- 1,-2- 1,1 

+ = -(oro + ^2 + aA)t 2 , 

T-1,-1,0,1 ^"0,-1,0,0 TO,-1,0,0'!"-1,-1,0,1 

T"-l,-2,-2,l T-2,-2,-2,1 , . T-l,-2,-l,lT-l,-l,-l,l 

= (ffo + 0^2 + «4) • 

^0,-1,0,1 "^-1,-1,0,1 T0,-l,0,lT-i -1,0,1 

Then we get 

, iN„-l/ . _i ''■-A'-l,-A'-l,-l,«'!"-iV-l,-A'-2,-l,n+l 

Zn+l,m+l -2n,m+l = (-1) («0 + Q'2 + OLi)t 2 , 

T-N-N- 1 .CnT-W- 1 ,-A'- 1 ,0,;i+ 1 

, . ''■-W- 1,-^-2,- l,n+l'!"-A'-l, -A'- 1,-1, «+l 

Zn+l,m - Zn+l,m+l = (-1) (tto + Q'2 + 0'4) • 

T-N-N- 1 ,0,n+ 1 T-iV- 1,-A?- l,0,n+ 1 

Thus we find that Zn,m satisfies dSKdV (3.30) when n + mis even. 

Next, we consider the case where n + mis odd. From the bilinear equations (3.55), 

, , _l T-A',-W,-l,nT_A?-A?-i 

Zn,m - Zn+\,m = (-1) (CKq + ^2 + aa,)t 2- 



Zn,m+1 - Z„,m = (-1)"(«0 + 0^2 + Q'4) 



n + m + 1 

where we denote N = . We also have 



T-N+ l-N,0,n T-N-N,0,n+l 
T-N-N-l-l,nT-N-N-l,n 

5 

T-N+ l-N,0,nT-N-N,0,n 



Zn+lM+l - Zn,m+\ = ("!)" H^O + 0^2+ ^4) f 



i T-N-N-i-\ ,nT-N- 1 ,-A'- 1 ,- 1 ,«+ 1 
2 



T-N-N,0,n T-N-N-\,0,n+l 

n 1 '^^^ ' 

(-1)" + ^2 +^4) 



. ^T-N-\-N-\,-\,n+\T-N-N-\-\,n+\ 



T-N-N,0,n+lT-N-N-l,Q,n+l 

from the bilinear equations (3.53). Thus, we find that Zn,m satisfies dSKdV (3.30). 

By a similar argument, we obtain the following Theorem. 
Theorem 3.3. Let Zn,m be 

^ T n+in , 1 /!+/)( 1 (\ 
(n-m+2\ * 2~ + l' ^ ^'^^'"^ / • v 

(-1)^ 2 ; ^ (n -\- m IS even). 



Zn,m — 



7'„ n+m _ /-i 

2 ' 2 ' ' 

/«-m+2\ 2~' 2 l-i,m , -7 71 

(-l)v 2 ; f i (n + m IS odd), 

T _ n+m+\ _ n+iu+ 1 



Then, Zn,m satisfies dSKdV (3.30). 

Proof. By applying ^'o^'i to (3.47), we get 



"^1,-1,0,0 ^0,-2,- 1,0 . s "^0,-1,-1, 0'^'O,- 1,0,0 

= (-1)2(^0 + Q'i +a2)t 2 , 

^0,0,0,0 "^-1,-1,-1,0 '^0,0,0,0'''- 1,-1,- 1,0 

'^"1,-1,0,0 ''■0,-2,-1,1 , .To,- 1,-1,0 To,- 1,0,1 

+ = (-l)2(ao + ai+ Qfz) , 

To,0,0,0 T_i_i_ij To,o,0,oT- 1,-1, -1,1 

T0,-2,0,l To,-2,-l,l . , ^ _i T_i,_2,-l,lTo,-l,0,l 

h = (-1)2(0-0 + ai + a2)t 2 , 

T-1,-1,0,1 T_i_i_i,i T_i _i,o,lT_i -1 _ij 

T0,-2,-l,0 To-2,0,1 / ixi/ , , X T0,-l,0,0T-l,-2,-l,l 

- (-1)2(q'o + ai+ a2)- 



T-1,-1,-1,0 T_i_i,o,l T_i _i _i,oT_i _i,o,l 

which leads us to the above theorem. 
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